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§1. Introduction 

The Hom-type algebras arose firstly in quasi-deformation of Lie algebras of vector helds. Dis¬ 
crete modifications of vector helds via twisted derivations lead to Horn-Lie algebras, which were 
introduced in the context of studying deformations of Witt and "Virasoro algebras [5]. Horn-Lie 
algebras were intensively discussed in a series of papers, see [17, 18, 19, 20] for example. A more 
general framework bordering color and super Lie algebras was introduced in [8, 9]. In particular, 
graded Horn-Lie structures including Horn-Lie super and color algebras were studied in [1, 22]. 

Just as Lie algebras are closely related to associative algebras, Horn-Lie algebras are closely re¬ 
lated to Horn-associative algebras, which were introduced in [10]. It turns out that the commutator 
bracket dehned by the multiplication in a Horn-associative algebra leads naturally to a Horn-Lie 
algebra. This provides a different way for constructing Horn-Lie algebras. Related Horn-algebras 
such as Hom-Novikov algebras, Hom-Poisson algebras and Horn-Lie conformal algebras have been 
studied in [11, 21, 23]. Generally speaking, the notion of Hom-type algebra corresponding to some 
algebra A is obtained by using a linear map on A to twist the defining identities. Yau in [18] 
gave a general method to deform an algebraic structure to the corresponding Hom-algebra via an 
endomorphism. This strategic way has been applied to several Hom-algebras, see [11, 21, 23] for 
example. 

The present paper focuses on Z 2 -graded Hom-algebras. Mainly, we introduce and study “Horn- 
generalizations” of super Gelfand-Dorfman bialgebras and Lie conformal super algebras, called super 
Hom-Gelfand-Dorfman bialgebras and Horn-Lie conformal superalgebras respectively. They are also 
viewed as super analogues of Hom-Gelfand-Dorfman bialgebras and Horn-Lie conformal algebras, 
which we introduced and studied in [23]. 
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In Section 2 of this paper, we summarize the main Hom-type (super)algebras and recall the 
notions of super Gel’fand-Dorfman bialgebra and Lie conformal superalgebra. In Section 3, we in¬ 
troduce super Hom-Gel’fand-Dorfman bialgebras and provide five different ways for constructing su¬ 
per Hom-Gel’fand-Dorfman bialgebras by extending some constructions of Hom-Gel’fand-Dorfman 
bialgebras given in [23] and Hom-Novikov algebras given in [21]. We also construct affinization of 
super Hom-Gel’fand-Dorfman bialgebras, which leads us to a class of infinite-dimensional Horn-Lie 
super algebras. In Section 4, we introduce the notion of Horn-Lie conformal superalgebra, which is 
a superanalogue of Horn-Lie conformal algebras introduced in [23] as well as a Hom-version of Lie 
conformal super algebras. In particular, we introduce quadratic Horn-Lie conformal superalgebras 
and establish equivalence of quadratic Horn-Lie conformal superalgebras and super Hom-Gel’fand- 
Dorfman bialgebras. This generalizes the equivalent theorem in the ungraded case obtained in 
[23], and in classical Lie conformal superalgebra case given in [4, 13]. Section 5 is devoted to 
central extensions of Horn-Lie conformal superalgebras. We characterize one-dimensional central 
extensions of quadratic Horn-Lie conformal superalgebras by using certain bilinear forms of super 
Hom-Gel’fand-Dorfman bialgebras, generalizing a construction due to Hong [6]. We should point 
out that all these results could naturally be extended to more general graded cases. 

Throughout this paper, all linear spaces and tensor products are over the complex field C. In 
addition to the standard notation Z, we use Z+ to denote the set of nonnegative integers. 

§2. Preliminaries 

Let us begin with some definitions, including Horn-Lie superalgebra. Horn-associative algebra, 
Hom-Novikov superalgebra, super Gel’fand-Dorfman bialgebra, Hom-Gel’fand-Dorfman bialgebra, 
Horn-Lie conformal algebra and Lie conformal superalgebra. For detailed discussions we refer the 
reader to the literatures (e.g. [1, 7, 21, 23, 24] and references therein). 

Let F be a superspace that is a Z 2 -graded linear space with a direct sum V = Fq ® The 
elements of Vj, j = {0,1}, are said to be homogenous and of parity j. The parity of a homogeneous 
element x is denoted by jxj. Throughout what follows, if jxj occurs in an expression, then it is 
assumed that x is homogeneous and that the expression extends to the other elements by linearity. 

Definition 2.1 (see [1]) A Horn-Lie superalgebra is a superspace A = Aq © Ai with an even 
bilinear map [•, •] : .4, x .4, — A and an even linear map a : A — A, such that 

[a:,y] =(2.1) 
(-l)NI^I[[x,y],a(z)] + (-l)Nl 2 'l[[ 2 /,z],a(x)] + (-l)l^ll^l[[z,x],a(y)]=0, (2.2) 

for all homogeneous elements x,y,z € A. 

Remark 2.2 Relation (2.1) is called skew-symmetry, and (2.2) is called Hom-Jacobi identity. By 
(2.1), one may write (2.2) in the following form 

Hx),[y,z]] = [[x,y],aiz)] + i-lp\y\[aiy),[x,z]], (2.3) 

for all homogeneous elements x,y,z € A. 
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Definition 2.3 (see [1]) A Horn-associative superalgebra is a superspace A = Aq (B Ai with an 
even bilinear map ix : Ax A —A and an even linear map a : A — A, satisfying 

ix{a{x),fx{y, z)) = /i(/i(x, y),a{z)) (2.4) 

for all homogeneous elements x,y,z in A. 

A Horn-associative superalgebra {A,yL^a) is called commutative if y{x,y) = (—x) for 
x,y G A. A derivation on a Horn-associative superalgebra is defined in the usual way. 

Definition 2.4 (see [24]) A Hom-Novikov superalgebra is a superspace .4 = .4o © .Ai equipped 
with an even bilinear operation o : ^ x .4 —)■ A and an even linear map a : A ^ A such that for 
all homogeneous elements x,y,z G A: 

{x o y) o a{z) — a{x) o [y o z) = {—l)'^^'^'^'^\{yox)oa{z)—a{y)o[xoz)), (2-5) 

{x o y) o a{z) = o z) o a{y). (2-6) 

Remark 2.5 By taking a = id, we obtain Novikov super algebras, which were studied in [15, 16]. 

The notion of super Gel’fand-Dorfman bialgebra was introduced and studied in [13], where 
it is shown that the equivalence of super Gel’fand-Dorfman bialgebras and quadratic conformal 
super algebras. This statement was essentially given in [4] (without proof). 

Definition 2.6 ([13]) A super Gel’fand-Dorfman bialgebra is a superspace .4 = .4o ©.4i equipped 
with two operations [•, •] and o, such that (.4, [•, •]) forms a Lie superalgebra, (.4, o) forms a Novikov 
superalgebra and the compatibility condition 

[x o y,z\ — (—1)1^11’’’! [x o z, y] + [re, y\o z — ( — 1)1^11^1 [x,z\o y — x o [y, z] = 0 (2-7) 

holds for all homogeneous elements x,y,z in A. 

The Hom-Gel’fand-Dorfman bialgebras and Horn-Lie conformal algebras were introduced and 
studied in [23]. 

Definition 2.7 A Hom-Gel’fand-Dorfman bialgebra is a linear space A equipped with a linear 
selfmap a and two operations [•, •] and o, such that (.4, [•, •], a) is a Horn-Lie algebra, (.4, o, a) is a 
Hom-Novikov algebra and the following compatibility condition holds for x,y,z G A: 

[rc o y, a{z)] - [x o z, a{y)] + [x, y] o a{z) - [x, z] o a{y) - a{x) o [y, z] = 0. (2.8) 

Definition 2.8 A Horn-Lie conformal algebra 77 is a C[9]-module equipped with a linear selfmap 
a satisfying ad = 5a, and a C-bilinear map [-a-] : 77©77 —)■ C[A] ©77 such that the following axioms 

[da\b] = —A[aA6], [uA^ft] = (5 + A)[aA6], (conformal sesquilinearity) (2.9) 

[aA^] = — [6_A-aa], (skew-symmetry) (2T0) 

[a(a)A[6^c]] = [[axb]x+fj,a{c)] + [a(6)^[aAc]] (Hom-Jacobi identity) (2-11) 

hold for a,b,c G 77. 
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When a = id we recover the classical Lie conformal algebra, which encodes the singular parts 
of the operator product expansion (OPE) of chiral fields in two-dimensional conformal field theory 
[7]. The Z 2 -graded version of Lie conformal algebras was studied in [2, 7]. 

Definition 2.9 A Lie conformal superalgebra 77 = 77o © 77i is a C[(9]-module endowed with a 
C-bilinear map [-a-] : 77 © 77 —C[A] © 77, satisfying the following axioms (a, 6, c G 77): 

[daxb] = —A[aA6], [0^56] = (<9 + A)[aA6], (conformal sesquilinearity) (2-12) 
[a\b] = —(—l)l“ll^l[6_A-aa], (skew-symmetry) (2-13) 

[a\[bfMc]] = [[oAfejA-rAtc] + (Jacobi identity) (2.14) 

§3. Snper Hom-GePfand-Dorfman bialgebras 

In this section, we introduce super Hom-Gel’fand-Dorfman bialgebras and provide five ways 
for constructing super Hom-Gel’fand-Dorfman bialgebras. Also, we construct affinization of super 
Hom-Gel’fand-Dorfman bialgebras, leading us to a class of infinite-dimensional Horn-Lie superal¬ 
gebras. 

Definition 3.1 A super Hom-Gel’fand-Dorfman bialgebra (or super Hom-GD bialgebra for short) 
is a superspace ^ equipped with an even linear map a \ A and two operations [•, •] 

and o, such that (.4,, [•,•], a) is a Horn-Lie superalgebra, (.4,, o,a) is a Hom-Novikov superalgebra 
and the following compatibility condition 

[x o y, a{z)] — ( —1)1^1[x o z, a{y)] + [x, y] o a(z) — (—1)12^11^1 [x, z] o a{y) — a(x) o [y, z] = 0 (3.1) 
holds for all homogeneous elements x,y,z € A. 

We recover the super Gel’fand-Dorfman bialgebras when a = id. The Hom-Gel’fand-Dorfman 
bialgebras are obtained when the part of parity one is trivial. 

The following result shows our first construction of super Hom-Gel’fand-Dorfman bialgebras 
from Hom-Novikov superalgebras, generalizing [23, Theorem 3.2]. 

Theorem 3.2 Let (^, o,q;) be a Hom-Novikov superalgebra. Define the supercommutator on ho¬ 
mogeneous elements by 

[x,y]" =xoy-(-l)l’^ll2^lyox, (3.2) 

then (Al, [•, •]“, o, a) is a super Hom-GD bialgebra. 

Proof. The bracket is obviously supersymmetric. By (2.6) and (3.2), we have 

[x, y]“ o a(z) + (—1)1*1 (l?^l+l^l)[y, z]~ o a{x) + (—l)(l*l+l?^l)l^l[ 2 ;j x]“ o a{y) 

= ((x o y) o a{z) — (—l)l^ll^l(x o z) o a{y)) + (—1)1*11^1 ((—l)l*ll^l(y o z) o a{x) — (y o x) o a{z)) 

+ (_ 1 )(N+M)LI ((^ o x) o a(y) - {-lp^y\z oy)o a{x)) = 0. (3.3) 
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Similarly, we have 

a{x) o [y,z]- + (-l)l^l(l 2 'l+l"l)a(y) o [z,x]- + o [x,y]- = 0 , 

which together with (3.3) implies (2.2). Thus (^, [•,•]“, a) is a Horn-Lie superalgebra. By (2.5) 
and (3.2), 

[x o y, a{z)]~ - (- 1 ) 12 ^ 11^1 ([x o z, a{y)]~ - [x, z]~ o a{y)) + [x, y]~ o a{z) - a(x) o [y, z]~ 

= (x o y) o a(z) — (—o (x o y) — (—l)l^ll^l(x o z) o a(y) 

-|-(_l)kl|j/|Q,(y) o (x o z) -|- (x o y) o a(z) — (—l)l^ll^l(y o x) o a(z) — (—l)l^ll^l(x o z) o a(y) 
-l-(_l)(kl+l 2 /l)| 2 |( 2 : o x) o a(y) — a(x) o (y o z) -I- (—1)I^II^Iq;(x) o [z oy) 

= ((x o y) o a{z) + (—l)l*ll^lQ;(y) o (x o z) — (—l)l®ll^l(?/ o x) o a{z) — a{x) o (y o z)) 

o x) o a{y) + a{x) o (z o y) — (—l)l'^ll^la(z) o (x o y) — (x o z) o a{y)) 

= 0 . 

This proves (3.1) and the theorem. □ 

Example 3.3 There is a three-dimensional Hom-Novikov superalgebra {A = ^o©-^ 1 ) 0 )Ck) with 
. 4,0 = Cxi 0 Cx 2 and Ai = Cy, such that (we only give the nonzero products) 

xioxi=X 2 , X 2 0 X 2 =xi, xioy = y, X 2 oy = y, 

and 

a(xi)=X 2 , a(x 2 )=xi, a(y) = 0 . 

It is not a Novikov superalgebra since 0 = (xi o X 2 ) o xi 7 ^ (xi o xi) o X 2 = xi. By Theorem 3.2 we 
obtain a super Hom-GD bialgebra {A, [•, •]“, o, a) with the following nonzero brackets 

[xi,y]~ = y, [x2,y]~ = y- 

The following result, given in [24], extends Yau’ construction of Hom-Novikov algebras from 
Novikov algebras with an algebra endomorphism [21]. 

Proposition 3.4 Let (^, 0 ) be a Novikov superalgebra with an even algebra homomorphism a. 
Then (4., 0 ,^, 0 ) is a Hom-Novikov superalgebra with 

X o^y = a{x) o a{y), x,y G A. (3-4) 

As a consequence of Theorem 3.2 and Proposition 3.4, we have 

Corollary 3.5 Let (4., o) be a Novikov superalgebra with an even algebra endomorphism a. Then 
(.4, [•,•]“, a) is a super Hom-GD bialgebra, sueh that 

[x, y\a = «(a^ °y)- (-l)''^"^'a(y o x), (3.5) 

for all homogeneous elements x, y in A. 
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Example 3.6 Consider the following three-dimensional Novikov superalgebra A = with 

.4,0 = Cxi 0Ca:2, Ai = Cy, satisfying the following nontrivial products 

1 1 1 11 , , 
xi0X2 = -Xi, X 2 0Xi = --j^xi, X2 0X2 = -X2, V o X2 = -y, yoy = -Xi. ( 3 . 6 ) 

For any fixed A G C, define an algebra homomorphism a : A —A by 

a{xi) = A^xi, a{x 2 ) = X 2 , a{y) = Xy. 


By Proposition 3.4 we get a Hom-Novikov superalgebra {A, Oq,, a) with the following nonzero prod¬ 
ucts 

A2 1 A A2 

xi Oq, X2 = Oa Xl = X2 Oq X2 = -X2, y Oq X2 = -y, y Oq y = -^xi- (3.7) 

Note that it is not a Novikov superalgerbra when A 7 ^ 0,1. According to Corollary 3.5 we obtain a 
super Hom-GD bialgebra {A, Oq, a) with the following nonzero products 


[a;i,a:2]Q = A^xi, [x2,y]Q 



Our second construction of super Hom-GD bialgebras comes from super Gel’fand-Dorfman 
bialgebras along with an even algebra endomorphism. It is a superanalogue of [ 23 , Theorem 3 . 5 ]. 

Theorem 3.7 Let (4., [•, -Jjo) he a super Gel’fand-Dorfman algebra equipped with an even algebra 
endomorphism a. Then (4, [•,-Iq, Oq, a) is a super Hom-GD bialgebra with 

X o^y = a{x) o a{y), [x,y]a = [a{x),a{y)], \/x,y € A. ( 3 . 8 ) 

Proof. It is known that (4, [•, ■]a,Oi) is a Horn-Lie superalgebra and (4, Oq,®) is a Hom-Novikov 
superalgebra. By the fact that a is an even algebra endomorphism of (4, [•, •], o) and ( 2 . 7 ), 

[x Oq y, a{z)]a - (-l)l^ll^l [[x Oq 2 :, a{y)]a - [x, z]a Oq Q;(y)) -h [x, y]a Oq a{z) - a{x) Oq [y, z\a 
= a^[[x o y, z] — (—1)1^11^1 [x o 2 , y] -|- [x, y] o 2 : — (—l)l?^ll^l [x, 2 ] o y — x o [y, z\) = 0. 

This concludes the proof. □ 


Example 3.8 Let (4, •) be a commutative associative algebra with a derivation d and an algebra 
homomorphism a, such that ad = da. Set 

4 = 4x4 = 4o04i, with 4o = (4, 0 ), 4i = ( 0 , 4). 

For any uq; £ 4, define two algebraic operations [•, •] and o on 4 by 

[(uo,wi), (^^o,^^i)] = (ui-ui,0), 

(uo,ui) o (uo,ui) = {uq ■ d{vo),ui ■ d{vo) + uo ■ d{vi)). 
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(3.9) 

(3.10) 



They define a super Gel’fand-Dorfman bialgebra (^, [•, •], o) by [13, Theorem 3.3]. 

Define a linear map a : A ^ Ahy 

a{u,v) = {a{u),a{v)), \/u,vgA. (3T1) 

For any uo,ui,vo,vi G A, we have 

d[(uo,«i), (t’Oj't’i)] = d(ui •-ui,0) = (a(ui • i;i),0) = (a(ui) • a(ui),0) 

= [(a(uo),a(m)), (a(^^o),a(^^i))] 

= [d(uo,ui),d(uo,ui)], 

d((uo, wi) o (uo,ui)) = a{uo ■ d{vo),ui ■ d{vo) + uo ■ d{vi)) 

= {a{uo) ■ ad{vo), Q;(iii) • ad{vo) + a{uo) ■ ad{vi)) 

= (a(uo) • da(uo), a{ui) ■ da(uo) + a(uo) ' da{vi)) 

= (a(uo), a{ui)) o {a{vo), a(ui)) 

= a{uo,ui) o a{vo,vi), 

since ad = da. Thus a is an even algebra endomorphism. By Theorem 3.7, we obtain a super 
Hom-GD bialgebra (^, [•, -Iq,, 05 ,, d) with 

[(uo,ui), (uo,ui)]a = (a(ui • Ui),0), 

(uo,^) o (i’o,'yi)a = {a{uo) ■ da{vo),a{ui) ■ da{vo) + a{uo) ■ da{vi)), 
for all Uo,ui,Vo,vi G A. 

Let (^, •) be a commutative associative algebra endowed with a derivation D. It is proved in 
[3, 4, 14] that the following operation (A is a fixed element in C or A) 

X oy = X ■ D{y) + \x ■ y, ^ x,y & A, (3-12) 

equips A with a Novikov algebra structure. Yau in [21] gave an analogous construction of Hom- 
Novikov algebras in the case when A = 0. In the following we extend this construction to Hom- 
Novikov superalgebras. 

Proposition 3.9 Let (Al, ■,a) be a eommutative Hom-assoeiative superalgebra with an even deriva¬ 
tion D such that aD = Da. Let X be a fixed complex number. Define 

X oy = x ■ D{y) + \x ■ y, ^ x,y & A, (3.13) 

Then (Al, o, a) is a Hom-Novikov superalgebra. 

Proof. By (2.4), (3.13) and the fact that aD = Da, we have 

[x o y) o a{z) = {x ■ D{y) + \x ■ y) o a{z) 

= (x • D{y) -\- Xx ■ y) ■ D{a{z)) + A(x • D{y) -\- Xx ■ y) ■ a(z) 

= a{x) ■ {D{y) ■ D{z)) + Xa{x) ■ [y ■ D{z) + D{y) ■ z) + X^a{x) ■ {y ■ z). (3.14) 
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It immediately follows that 


{xo z) o a{y) = a{x) ■ {D{z) ■ D{y)) + \a{x) ■ (z ■ D{y) + D{z) ■ y) + X^a{x) ■ (z • y), 
which combines with (3.14) gives 

(x o y) o a{z) = (— o z) o a{y), 

since {A, ■) is commutative and D is an even derivation. Thus (2.6) holds. By commutativity and 
Hom-associativity of {A,-, a), 

{x oy) o a{z) — a{x) o [y o z) = —(x • y) ■ a{D‘^{z)) — A(x • y) ■ a{D{z)) 

= -(-l)NH {{y . x) • a{D\z)) + X{y • x) • a{Diz))) 

= (—1)1*112^1 ((y o x) o a(z) — a{y) o (x o z)), 

which proves (2.5). Thus {A,o,a) is a Hom-Novikov superalgebra. □ 

The following result, which is a Z 2 -graded version of [23, Theorem 3.8], shows our third con¬ 
struction of super Hom-GD bialgebras from a commutative Horn-associative superalgebra with an 
even derivation. 

Theorem 3.10 Let {A^-,a) he a commutative Horn-associative superalgebra with an even deriva¬ 
tion D such that aD = Da. Then (Al, [•, •]“, o, a) is a super Hom-GD bialgebra, where o is defined 
by (3.13) and 

[x, y]~ = X • D{y) — (—• D{x), M x,y ^ A. (3.15) 

Proof. It follows from Proposition 3.9 and Theorem 3.2. □ 

Example 3.11 Let {A,-, a) be a commutative Horn-associative algebra with a derivation d such 
that ad = da. Set 

.4, = .4 X ^ = ^00-^1, with ^0 = {A, 0), Ai = (0, .4). 

For any uq; £ A, define an algebraic operation * on ^ by 

(uo,ui) -k {vo,vi) = (uo • xo,0), (3.16) 

and two even linear maps a : A ^ A and D : A ^ Ahy 

d(uo,ui) = (a(uo),a(ui)), D{uo,ui) = {d{uo),ui). (3.17) 

Clearly, {A,-k,a) is a commutative Horn-associative superalgebra, and aD = Da since ad = da. 
Because d is a derivation of (.4, •), we have 

D{{uo, ui) * (xo, xi)) = D{uo ■ Xo, 0) = {d{uo ■ xq), 0) = (d(xo) • xq -h xq • d(xo), 0), (3.18) 



and 


D{uo,ui) -k {vo,vi) + (uo,ui) ^^(no,^!) = {d{uo),ui) * ('Uo,t'i) + (uo,ui) * ((i(no),'i;i) 

= ((i(tto) • no,0) + (no • d(fo),0) 

= ((i(no) • no + no • (i(no),0). (3.19) 

Combining (3.18) with (3.19) gives 

L»((no, ni) ★ (no, ni)) = Zl(no, ni) ★ (no, ni) + (no, ni) * L>(no, ni). (3.20) 

Thus H is a derivation of (^, *). For any fixed complex number A, the new operations 

X o y = X k D{y) + Xx k y, [x,y]~ = x k D{y) — k D{x) (3-21) 

define a super Hom-GD bialgebra [A, [•, •]“, o, a) by Theorem 3.10. 

Corollary 3.12 Let (Al, •) he a eommutative assoeiative superalgebra equipped with an even algebra 
endomorphism a and an even derivation D satisfying Da = aD. For any fixed complex number X, 


define 

X oy = a{x ■ D{y)) + Xa{x ■ y), V x, y G A. (3.22) 

Then (aI, [•,•]“, o, a) is a super Hom-GD bialgebra, where 

[x, y]~ = a{x ■ D{y)) - (-l)l^ll^la(y • D{x)), V x, y G A (3.23) 

Proof. Write x -q y = a(x • y) for x, y £ A. Because a is an algebra endomorphism, {A, -q,, a ) is a 
commutative Horn-associative superalgebra, and D is also a derivation of [A, -a) since aD = Da. 
Rewrite (3.22) as 

xoy = X -a D{y) Ax -q, y, V x,y G A. 

According to Theorem 3.10, (Al, [•, •]“, o, a) is a super Hom-GD bialgebra. □ 


Our fourth construction of super Hom-GD bialgebras is related to the following concept. 

Definition 3.13 A Hom-Poisson superalgebra is a superspace Al = A ® Ali equipped with two 
operations • and [•, •], and a linear selfmap a, such that {A, ■,a) is a commutative Horn-associative 
superalgebra, {A, [•,•], a) is a Horn-Lie superalgebra, and the following relation 

[a{x),y ■ z] = (-l)l^ll^la(y) • [x, zj + (-l)l^l(l^l+l^l)a(z) • [x, y] (3.24) 

holds for all homogeneous elements x,y, z G A. 

By setting A = {0} we recover the notion of Hom-Poisson algebra, which was introduced in the 
study of deformation theory of Horn-Lie algebras [11]. Relation (3.24) can be reformulated as 

[x • y,a(z)] = (-l)l^ll^l[x, 2 ;] • a{y) -h a(x) • [y,z], (3.25) 

for all homogeneous elements x,y,z G A. 
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Theorem 3.14 Let {A,-, [•,•],«) be a Hom-Poisson superalgebra. Let D be an even derivation of 
{A., ■) such that Da = aD, and 

D{[x, y]) = [D{x),y] + [x, D{y)] + A[x, y], x,y € A, (3.26) 

where X is a fixed complex number. Define 

X oy = X ■ D{y) + Xx ■ y, \/ x,y £ A. (3.27) 

Then {A, [•, •], o, a) is a super Hom-GD bialgebra. 

Proof. By Proposition 3.9, (.4,, o,a) is a Hom-Novikov superalgebra. By (3.25)-(3.27) and the fact 
that D is an even derivation of (.4, •) commuting with a, we have 

[x o y, a{z)] — (— 1 ) 1 ^ 11^1 [x o z, a{y)] + [x, y] o a(z) — (— z] o a{y) — a{x) o [y, z] 

= [x ■ D{y) + Ax • y, a{z)] - (-1)12^11^1 [x ■ D{z) + Xx ■ z, a{y)] + [x, y] ■ a{D{z)) + A[x, y] • a{z) 
-(-l)l^ll''l[x,z] • a{D{y)) - A(-l)l2'll^i[x, z] • a{y) - a{x) ■ D{[y,z]) - Xa{x) ■ [y,z] 

= [x ■ D{y),a{z)] - (-l)l2'll^l[x • D{z) + Xx ■ z,a{y)] + [x,y] • a{D{z)) + X[x,y] ■ a{z) 
-(-l)l^ll''l[x,z] • a{D{y)) - a{x) ■ {[D{y),z\ + [y,D{z)] + A[y, 2 :]) 

= ■ D{y),a{z)] - (-l)l^ll^l[x, 2 ;] • a{D{y)) - a{x) ■ [D{y),z]) 

_((_l)MI4[x . D{z),a{y)] - [x,y] ■ a{D{z)) - a{x) • [D{z),y]) 

+A( - (-l)l^ll^l[x • 2 :,a(y)] + [x,y] • a(z) - a(x} ■ [y,z\) = 0, 

which proves (3.1) and the theorem. □ 

Example 3.15 Let (^, •,[•,•], a) be a three-dimensional Hom-Poisson superalgebra, where .4o = 
Cei © Ce 2 and Ai = Cea, and a is an algebra endomorphism defined by 

a(ei) = aei, 0 ( 62 ) = 61 + 62 , 0 ( 63 ) = ^ 63 , 

where a and p are fixed nonzero complex numbers. The defining relations (we give only the ones 
with nonzero values in the right-hand side) are 

61 -a 62 = 061 , 62-62 = 61 + 62 , 63 • 62 = + 63 , [ 61 , 62 ] = 0 ^ 61 . 

These Hom-Poisson superalgbras are not Poisson superalgebra for o 7 ^ 1, or y 7 ^ 1. 

Let 6,6 G C*, define a linear map D : A ^ Ahy 

D{ei) = {a - l)bei, D{e 2 ) = bei, +>( 63 ) = C 63 . (3.28) 

It is easily to check that D is an even derivation of {A, [-,-]) and commutes with a. By Theorem 

3.14 in which A = 0, we obtain a super Hom-GD bialgebra (.4, 0 , 0 ) satisfying the following 

nonzero products 

62062 = 0661 , 62063 = 6 ^ 63 , [ 61 , 62 ] = 0 ^ 61 . 
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The last construction of super Hom-GD bialgebras comes from a Horn-Lie superalgebra with 
a suitable linear selfmap, extending Yau’ s construction of Hom-Novikov algebras in [21]. For a 
Horn-Lie superalgebra (£, [•, •], a), write Z{a{C)) for the subset of C consisting of elements x such 
that [x, a{y)] = 0 for all y ^ C. 

Theorem 3.16 Let {C, [•, •], a) be a Horn-Lie superalgebra with an even linear map f : C ^ C such 
that fa = a/. Define 

x*y = [f{x),y], xfi y = [x,f{y)], \/x,y e C. (3.29) 

Then 

(1) (T, [•, •], ★, a) is a super Hom-GD bialgebra if and only if the following conditions hold for all 
homogeneous elements x,y,z € C: 

f{[f{x),y] + [x, f{y)]) - [/(x), f{y)] G Z{a{C)), (3.30) 

[/([/W,!,]),a(2)] = (-l)l''"*l[/(|/W,^l).afe)l- (3.31) 

(2) (£, [•, •],*',«) is a super Hom-GD bialgebra if and only if the following conditions hold for 
homogeneous elements x,y,z G C: 

[[^, /(y)] + [f{x),ylf{oi{z))] - [a(x), /([y, /(z)])] + (-l)l"ll^l [a(y), /([x, /(z)])] = 0, (3.32) 

[/(y),/(z)] GZ(a(L)), (3.33) 

[y, f{z)] + [/(y), 2 :] - /([y, z]) e z{a{L)). (3.34) 

Proof. (1) With a direct computation we have 

(2.5) holds [f{[f{x),y]),a{z)] - [f {a{x)), [f (y), z]] 

= (-l)l-'ll»l(|/([/{!,).i|).a{z)l - [/(a{!l)),|/(.T).2l|) 

[f{[f{x),y] + [x, f{y)]) - [/(x), f{y)],a{z)] = 0 
<(=^ (3.30) holds. 

Relation (3.31) follows directly by expanding (2.6) for the multiplication *. Thus {C,-k, a) is a Hom- 
Novikov superalgebra if and only if (3.30) and (3.31) hold. It remains to check the compatibility 
condition (3.1). By (3.31) and (2.2), we have 

[x * y, a{z)] - (-1)12^11^1 [x -k z, a{y)] -\- [x, y] k a(z) - (-l)l?'ll'"l [x, z] k a(y) - a(x} k [y, z] 

= [[f{x),y],a{z)] - (-l)l^ll^l[[/(x),z],a(y)] + [f {[x, y]), a{z)] - (-l)l^ll^l [/([x, zj), a(y)] 

-[/(a(x)), [y,z]] 

= [[f{x),y],a{z)] - (-l)l^ll^l [[fix], z],a{y)] + (-l)l^ll^l [/([x, z]),a{y)] 

-i-l)\y\\^\[f{[x,z]),a{y)]-[f{aix)),[y,z]] 

= [[f{x),y],aiz)] + (-1)1-11^1 [a(y), [/(x), z]] - [a(/(x)), [y, zj] = 0. 
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This proves (3.1) and the first assertion. 

(2) Relation (3.32) is nothing but expansion of (2.5) for the multiplication -k'. By (3.29) and 
the Horn-Jacobi identity (2.2), 

(2.6) holds [[xJ{y)]J{a{z))] = {-l)\y\\^\[[x,f{z)],f{a{y))] 

[a(x), [/(y),/(2:)]] = 0 
(3.33) holds. 

Hence (T,V,a) is a Hom-Novikov superalgebra if and only if (3.32) and (3.33) hold. Using (2.2) 
again, we have 

[x k' y, a{z)] - z,a{y)] + [x,y] k' a{z) - [x, z] k' a{y) - a{x) k' [y, z] 

= [[xj{y)la{z)] - {-l)\y\\^\[[xj{z)],a{y)] + [[x,y],/(a(z))] 

-(-l)l^ll^l[[x,z],/(a(y))]-Kx),/([y,z])] 

= [a(a;), [y, f{z)]] + [a{x), [/(y), z]] - [a(x), /([y, z])] 

= [a(a:), [y, f{z)] + [/(y), z] - /([y, z])]. 

Thus (3.1) holds for the multiplication V if and only if 

[y, fiz)] + [fiy), z] - f([y, z]) G Z{a{L)), 

which is exactly (3.34). This proves the second assertion of the theorem. □ 


A derivation on a Horn-Lie superalgebra is defined in the usual way. The following result follows 
immediately from Theorem 3.16(2). 

Corollary 3.17 Let (£,[•,•], a) he a Horn-Lie superalgebra with an even derivation d such that 
da = ad. Define 

xk' y = [x, d(y)], V x, y G T. (3.35) 

Then (T, [•, •],*', a) is a super Hom-GD bialgebra if and only if the following conditions 


[d{[x,y]),d{a{z))] - [a{x), d{[y, f (z)])] (-l)l^ll^l [a(y), d([x, ^(z)])] = 0, 

[d{x),d{y)] G Z{a{L)), y x,y,z e C. 


In the following we assume that .4, = .4,0 © .4,1 is a superalgebra endowed with two bilinear 
operations [•, •] and o, and an even linear selfmap a. Let 

C{A) = .4o © C[t, t~^] © .4i © t2C[t, t~^] 


be the affinization of A equipped with a bilinear operation ] : i^[A) x C{A) —>■ C[A) defined 
by (m, n G Z and u, v G A) 


[u©r+^,u©r+^] = + (m + M)^,ou©t"^+"+^^-^ 


_(_1)HHo u © 


(3.36) 
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For a € u G Ai, m G Z, denote 

a[m] = a (g) t™, tt[m] = u (g) . (3.37) 

Relation (3.36) is rewritten as (a, 6 G u,v € Ai, m, n G Z) 

[a[m],6[n]] = [a, 6][m + n] + (mo o 6 — n6 o a)[m + n — 1], (3.38) 

[a[m],rt[n]] = [a, ii][m + n] + (ma o « — (n + ^)rt o a)[m + n — 1], (3.39) 

r;[n]] = [u, n][m + n + 1] + ((m +-)tt o r; + (n +-)r; o ri)[m + n]. (3.40) 

Furthermore, set 

«(^) = U{z) = ■ (3.41) 

Then (3.38)-(3.40) are respectively equivalent to 

[a{zi),b{z2)] = [a,b]{z2)S{zi-Z2) +{dz2iboa){z2))5{zi-Z 2 ) 

+{a o b + b o a){z 2 ){dz^ 6 {zi - Z 2 )), 

[ 0 ( 2 : 1 ), 14 ( 2 : 2 )] = [a,u\{z2)S{zi - Z2) + {dz^iuo a){z 2 )) 5 {zi - Z2) 

+(a o o + o o a) ( 22 ) (5^2 <^(^1 “ Z 2 )), 


[0(21), 0(22)] = [u,v]{z 2 )d{zi - 22)(^)“^ - {dz 2 {v O u){z 2 ))S{zi - 22)(^)“^ 

+{u OV -VO u){z2)d{zi - Z 2 ){dz 2 {^)~^) 

+ {u OV -VO u){z2){dz2S{zi - 22 ))( — )“^, 

where 5 {zi — 22) = Ylin & Zi '^~^ z "!^ . Define an even linear map (/9 ; C{A) —> C{A) by 

(p{u (g) ) = a(u) (g> y u ^ A, m G Z. (3.42) 

The following result is a super version of [23, Theorem 5.1]. 

Theorem 3.18 {C{A), [—, —], (p) is a Horn-Lie superalgebra if and only if {A, [•, •], o, a) is a super 
Hom-GD bialgebra. 

Proof. Assume that (.4, [•, •], o, a) is a super Hom-GD bialgebra. For all u,v,w G A, m,n,k ^ 
[o(g)t’”+^,u(g)r+^] = -(-l)l“ll^l[o,o](g)t™+”+^^ + (m + ^)oou(gr+"+^^-i 

_(_l)Mhl(„ + M)^; o u (g 
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by (3.36). Thus (2.1) holds. To check (2.2), we compute 

(-l)l“ll^l[[u (8) u «) (8) t^+^)] 

+(-l)l’^ll“l [[u (8) , w (8) (/j(u (8) r+^)] 

+(_l)Mhl [[yj (g, t’^+^,u (8 r+^], (/?(u 8 r+^)] 

= Ai (8) + A 2 <8 frn+n+k+'^' + 'l' + '^' -l ^ ^m+n+fc+hkLA±M_2^ 

where 

Ai = (- 1 )MI-I[[^,,^;],a(u;)]+ (-l)HH[[^,^i;],a(u)]+ (-l)HI-l[[y;,^],a(^;)], ( 3 . 44 ) 

A 2 = (—+ ■^)([u,u] o Q;(t(;) + [tt o u,a(t(;)] — a(u) o 

— (—1)1^11"'! [u, re] o a{v) — (—1)1^11“'! [u o w, a(u)]) 

_(_l)l“l(l«'l+kl)(f^ _l_ O) o a{w) + [u o u, a(rt;)] — a{v) o [u, w] 

_(_l)MI«'l[^,y;] oa(u) - (-l)l“ll’^l[uou;,a(u)]) 

_(_l)Hbl(fc + M)(a(u;) o [u,u] + (-l)l“ll^l[u;,u] oa(u) + (-l)l“IH[u>ou,a(u)] 

— [tc, u] o q;(u) — [tc o u, a(u)]), (3.45) 

A 3 = (—l)l“ll"'l[(m + ■^)^ — (m + ■^)]((u o u) o a(rt;) — (— 1 ) 1 ^ 11 "'!(u o tc) o a(u)) 

_l_(_l)l«lhl[(^ _l_ ■^)^ — (n + ■^)]((w ow)o a{u) — (—l)l“ll"'l(u o u) o a{w)) 
+(_l)Hblp + M)2 _ + ^)]((u; o n) o a{v) - (-l)l“IH(u> o u) o a(u)) 

+ (m + ■^)(’^ + o u) o a{w) — (—l)l“l(l^l+l"'l)(ti ou) o a{w) 

-(-l)HI«'la(u) o (u o u;) + (-1)M(H+I«'l)a(^;) o (u o w)) 

+ {m + ■^)(^ + ■^) ou) o a{v) — (—1)I"'I(I“I+I^I)(7X o w) o a{v) 
_(_l)l^ll"'la(r(;) o (u o u) + (—o [w o v)) 

+ (n + ■^)(^ + ow)o a(u) — (—l)l^l(l“l+l"'l)(7i; o u) o a(u) 

_(_l)HHc,(^;) o (u; o u) + (-l)H(H+hl)„(y;) o(vo u)). (3.46) 

By the hypothesis that {A, [•,•], 0 , 0 ) is a super Hom-GD bialgebra, Ai = A 2 = A 3 = 0 and so 
(3.43) equals to zero. Thus [C[A), [—,—],(/?) is a Horn-Lie superalgebra. 

If (T( 8 l), [—, —], (p) is a Horn-Lie superalgebra, then (3.43) equals to zero. It follows that Ai = 0 
(so (^, [•, •], a) is a Horn-Lie superalgebra), and A 2 = A 3 = 0 for all m, n, A: € Z. Then (3.46) implies 
(2.5) and (2.6), whereas (3.45) gives (3.1). Thus (^, [•,-],o,a) is a super Hom-GD bialgebra. □ 
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Example 3.19 By Example 3.3, there exsits a super Hom-GD bialgebra {A, [•, •], o, a) with = 
Cxi © Cx 2 , Ai = Cy, satisfying the following nonzero products 

Xioxi=X2, X2 0X2 = Xi, Xioy = y, x 2 oy = y, [xi,y] = y, [x2,y] = y, 

and a(xi) = X 2 , Q!(x 2 ) = xi, a{y) = 0. Let C{A) be the affinization of A. By (3.38)-(3.40), the 
following nontrivial relations hold for m,n,k G Z: 

[xi[m], xi[n]] = (m — n)x 2 {m + n — 1], [xi[m], ?/[A;]] = y[m + k\+ my[m + k — 1], 

[x 2 [m], X 2 [u]] = (m — n)xi[m + n — 1], [x 2 [n], y[fc]] = y[n + A:] + ny[n + A: — 1]. 

By Theorem 3.18, we obtain a Horn-Lie superalgebra {C{A), [•, •], v?), where is defined by 

p{xi[m]) = X 2 [m], <^(x 2 [n]) = xi[n], p{y[k]) = 0. 


Example 3.20 Consider the super Hom-GD bialgebra {A, [•,•], o, a) from Example 3.6. According 
to Theorem 3.18, we obtain a Horn-Lie superalgebra {C{A), [•, ■],p) satisfying the following nonzero 
products 


and ip{xi [m]) 


[xi[m],X2[n]] 
[x2[m],X2[n]] 
[x 2 [n],y[k]] 
[y[m],y[k]] 
A^xi[m], (p{x2[n]) 


,2r 1 + t 

= A xi[m + nj H-^—A xi[m + n — IJ, 

m — n 

= —^—X2[m + n-lJ, 

= -^y[n + k]-{k + ^)^y[n + k-l], 

A2 

= (m + A: + l)-^xi[m + A], 

= X2[n], ip{y[k]) = Xy[k], for m,n,k ^ Z. 


§4. Horn-Lie conformal superalgebras 

In this section, we introduce the notion of Horn-Lie conformal superalgebra, which is a Horn- 
generalization of Lie conformal superalgebras and also a superanalogue of Horn-Lie conformal 
algebras. In particular, we introduce quadratic Horn-Lie conformal superalgebras and establish 
equivalence of quadratic Horn-Lie conformal superalgebras and super Hom-GD bialgebras. 

Definition 4.1 A Horn-Lie conformal superalgebra TZ = TZq ® TZi is a C[cI]-module equipped with 
an even linear selfmap a satisfying ad = da, and a C-bilinear map 

TZ®TZ ^ C[A] ®TZ, a®b ^ [a\b], 

such that the following axioms hold for all homogenous elements a,b,c £ TZ: 

[daxb] = — A[aA6], [0^96] = (9 + A)[aA6], (conformal sesquilinearity) (4.1) 

[axb] = —(—(skew-symmetry) (4.2) 

[a{a)x[b^c]] = [[aA6]A-r/ia(c)] + (-1)'“''^' [a(6)^[aAc]]. (Hom-Jacobi identity) (4.3) 
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A Horn-Lie conformal superalgebra IZ is called finite if 7^ is a finitely generated C[5]-module. 
The rank of TZ is its rank as a C[5]-module. 

Remark 4.2 We recover Lie conformal superalgebras when a = id. The Horn-Lie conformal alge¬ 
bras are obtained when the odd part is trivial. In addition, we can associate to any Lie conformal 
superalgebra a Horn-Lie conformal superalgebra structure by taking a = 0. 

The following notion is a Hom-analogue of quadratic conformal superalgebra studied in [13]. 

Definition 4.3 Let {IZfi-xfia) be a Horn-Lie conformal superalgebra. If 7^ = C[(9]H is a free 
C [(9]-module over a superspace V and the A-bracket is of the following form 

= du + Xv + w, for u,v,w G V, (4.4) 

then {TZ, [-a'])®) is called a quadratic Horn-Lie conformal superalgebra. 

We in [23] gave a construction of free Horn-Lie conformal algebras from formal distribution 
Horn-Lie algebras, generalizing the classical construction of free Lie conformal algebras from formal 
distribution Lie algebras due to Kac [7]. In the following we extend this construction to Horn-Lie 
conformal superalgebras. 

Let {C, [•,•], a) be a Horn-Lie superalgebra. Consider the following £-valued formal distributions 
a{z) = E € C[[z, Z~^]], b{w) = G k:[[w, tc"^]]. 

Define a formal distribution in two variables by 

[a{z),b{w)]= [am,bn]z~'^~^w~'^~'^ e C[[z,z~^,w,w~'^]]. (4.5) 


If there exists a positive integer N such that {z — w)^[a{z), b{w)] = 0, then a{z) and b{w) are said 
to be mutually local. Taking the formal Fourier transform (cf. [7]) 

F'z^w = 

on both parts of (4.5), we obtain a C-bilinear map 

[•A-] : /:[[rc,u;“^]] (8)/:[[rc,u;"^]] ^ /:[[u;, u;"^]][[A]] 

such that 


[a{w)xb{w)] = F^Ja{z),b{w)], (4.6) 

which is called a X-bracket between a{w) and b{w), and simply denoted by [oa^]. If a{z) and b{w) 
are mutually local, then Kac’s decomposition theorem (cf. [7]) gives 

[a{z),b{w)]= E a{w)Q)b{w) ^'^^^^'^\ (4.7) 

i£Z+ T- 
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where 


a{w) (^j')b{w) = Res 2 ( 2 ; — wy[a{z),b{w)] (4-8) 

is called a j-product ol a{w) and b{w), and simply denoted by By (4.6) and (4.8), the A-bracket 
is related to the j-products as follows: 

[axb] = 

jGZ+ J' 

Furthermore, define actions of d and a on a{z) = by 

{da){z) = dya{z)), a{a){z) = 

Proposition 4.4 The \-bracket satisfies the following properties: 

(1) [daxb] = -A[aA6], [axdb] = (5 + A)[aA6]. 

(2) if a{z) and b{w) are mutually local, then [oa^] = — (—[6_A-aa]- 

(3) [a(a)A[6^c]] = [[axb]x+^,a{c)] + (-l)l“ll^l[a(6)^[aAc]]. 

Proof. It can be similarly proved to [23, Proposition 4.6]. □ 

A subset F C £[[ 2 :, 2 :“^]] is called a local family of £-valued formal distributions if all pairs of 
its constituents are mutually local. 

Definition 4.5 Let (£,[•,•],«) be a Horn-Lie superalgebra. If there exists a local family F of 
£-valued formal distributions with their Fourier coefficients generating the whole £, then F is said 
to endow £ with a structure of formal distribution Horn-Lie superalgebra. In this case, we denote 
by (£, F) to emphasize the role of F. 

Definition 4.6 Let (£, [•, •], a) be a Horn-Lie superalgebra. A local family F C £[[ 2 ;, z~^]] is called 
a conformal family if it is closed under their j-products and invariant under the actions of d and a. 

It was pointed out in [23] that if (£, F) is a formal distribution Horn-Lie algebra, one can 
always include F in the minimal conformal family F, such that (£, F) can be endowed with a 
free Lie conformal algebra structure TZ = C[5]F, such that [axb] = £^^[ 0 ( 2 ), 6(tc)], d = dz and 
a{f{d)u) = f{d)a{u), for f{d) G C[5], u G F. Such a construction can be naturally extended to 
formal distribution Horn-Lie super algebras. 

Example 4.7 Let (£, [•, •],«) be a Horn-Lie superalgebra. The loop algebra associated to £ is 
£ = £ (8) C[t, f“^], Ju (g) f™] = Ju], for u G £, m G Z 

with 

[u (g) f™', u (g> £] = [u, u] (g) for u,v G C, m, n G Z. 


(4.9) 


(4.10) 
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Extend a to £ by a{u®t'^) = a{u)®t'^. Then (£, [•, •], a) is a Horn-Lie superalgebra. We introduce 
the family F of £-valued formal distributions 

for u & C. 


It is easily verified that 

[u(z),u(u;)] = [u,v]{w)5{z,w), 

which is equivalent to = {u,v\ G £, and = 0 for n > 0. Hence (£,F) is a formal 

distribution Horn-Lie superalgebra. The associated Horn-Lie conformal superalgebra is 7^ = C[cl]£, 
with A-bracket of the following form 

[uau] = [u,u], for G £. (4-11) 

Indeed, we can extend the A-bracket and a to the whole TZ by 

[f{d)uxh{d)v\ = f{-\)h{d + X)[uxv\, (4.12) 

a{f{d)u) = f{d)a{u), (4.13) 

for f{d),h{d) G C[cl], u,v G TZ. Then (4.1) follows directly from (4.12), whereas (4.13) gives 
ad = da. It suffices to check (4.2) and (4.3) on the generators. By (4.11), axioms (4.2) and 
(4.3) naturally hold. Thus 7^ = C[cl]£ is a Horn-Lie conformal superalgebra, which is viewed as a 
current-like Horn-Lie conformal superalgebra. 

Remark 4.8 If 7^ is a free C[f7]-module with A-bracket [-a-] defined on a C[c7]-basis of TZ such that 
(4.2) and (4.3) hold, there is a unique extension of this A-bracket via (4.1) to the whole TZ (as shown 
in (4.12)). It is easy to see that (4.2) and (4.3) also hold for this extension. Thus, TZ is equipped 
with a Horn-Lie conformal superalgebra structure. In the sequel, we shall often describe Horn-Lie 
conformal superalgebras on free C[c7]-modules by defining A-bracket on a fixed C[f7]-basis. 

Example 4.9 Recall that the classical super Virasoro algebra sVir is an infinite-demensional 
superalgebra generated by G Z} (see [12]), such that 

[EmjEn] — (^ ^')Lm+m [Lmj T^n] — 'I^L'n+mj [L'mi T^n] — 0, (4.14) 

[Lm:Gn] = (w. — n)Gn+m7 [F'm,Gn] = Gn+m, [Gm^Gn] = 0. (4-15) 

The Z 2 -grading is defined by requiring that deg(Li) = deg(Fi) = 0 and deg(Gi) = 1 for i G Z. Set 
L{z) = E F{z) = E FnZ-^-\ G{z) = E GnZ-^-\ 

uGIa n^'L nGX 

By a straightforward comuputation, relations (4.14) and (4.15) amount to the following A-brackets 

[LxL] = {d + 2X)L, [LxG] = {d + 2X)G, [GxL] = {d + 2X)G, [FxG] = G, (4.16) 
[LxF] = {d + X)F, [FxL] = XF, [FxF]=0, [GaG] = 0, [GaT] =-G. (4.17) 
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One can check that (4.16) and (4.17) define a free Lie conformal superalgebra (tsVir = C[d]L © 
C[9]F ® C[9]G. Define an even linear map a. : <tsVir —>■ (tsVir by 

a{L) = h{d)L + f2{d)F, a{F)=gi{d)L + g2{d)F, a{G) = h{d)G, (4.18) 

where fi{d), f2{d),gi{d),g2{d),h{d) G C[(l]. In the following we aim to find restrictions on a such 
that (dsDir, [-a'])®) forms a Horn-Lie conformal superalgebra. 

Applying the Hom-Jacobi identity to the triple (L, L, L) gives 

[a{L)x[L^L]] = [[LAL]A+;.a(L)] + [a{L)^[LxL]], 


where the left-hand side reads 

[a{L)x[Lf,L]] = {d + X + 2i^){fi{-X){d + 2X)L + f 2 {-X)XF), (4.19) 

and the right-hand side reads 

[[LxL]x+^,a{L)] + [a{L)^[LxL]] 

= (A — /i) (/i(9 + A + /i)(cl + 2A + 2/i)L + /2(5 + A + /i)(9 + A + i^)F^ 

+ (5 + g. + 2A) [fi{—g){d + 2g)L + f2{—g)gF^. (4.20) 

Combining (4.19) with (4.20) yields 


fi{—X){d + A + 2 g)[d + 2A) 
f2{—X){d + A + 2g)X 

Setting d = —2g in (4.21), we have 


/i (9 + A + /i) (A — g){d + 2A + 2 g) 


+/i(“M)(^ + g F 2X){d + 2g), 

(4.21) 

f 2 {d + X + g){X — g){d + X + g) 


+f 2 {—g){d + g + 2X)g. 

(4.22) 


/i(-A) = /i(A-m), 

which implies /i(A) = a, for some a G C. Taking ^ = 0 in (4.22) gives 

/2(-A) = /2(5 + A), 

and thus f2{d) = b for some 6 G C. By (4.18), we get 

a{L) = aL + bF, for some a, 6 G C. (4.23) 

Applying the Hom-Jacobi identity to {L,L,F), together with (4.23), gives 

[a{L)x[L^F]\ = a{d + g + X){d + X)F 

= [[LxL]x+f.a{F)] + [a{L)^[LxF]] 

= (A — g){gi{d + // + X)(d + 2A + 2 g)L + g2{d + /i + A)(cl + /i + X)F) 

+a{d + g + X)id + g)F. (4.24) 
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Comparing the coefficients of L in (4.24) gives 

(A — + /i + A)(9 + 2A + 2/i) = 0, 

from which we deduce that gi{d) = 0. Equating the coefficients of F in (4.24) gives 

a{d + /i + A)(9 + A) = (A — fi)g2id + /i + A)(5 + /i + A) + a{d + /i + A)(9 + /i), (4.25) 

from which we obtain 52 (A) = a by setting d = —g. Finally, applying the Horn-Jacobi identity to 
the triple (L, F, G) gives 

[a{L)x[F^G]] = a{d + 2X)G + bG 

= [[LxF]x+MG)] + [a{F)^[LxG]] 

= —gh{d + g + X)G + a{d + 2X + g)G. 

It follows that a{d + 2A) + b = —gh{d + ;U + A) + a(2A + d + g), which gives h{d) = a, and 6 = 0. 

To sum up, {(tsVir, [-v], a) is a Horn-Lie conformal superalgebra if and only if the even linear 
map a : (tsVir ^ (tsVir satisfies 

a{L) = aL, a{F) = aF, a{G) = aG, for some a G C. 

The following result is a superanalogue of [23, Theorem 5.2], generalizing Gel’fand and Dorf- 
man’s statement on equivalence of Gel’fand-Dorfman bialgebras and Lie conformal algebras. 

Theorem 4.10 Let A be a superspace equipped with two operations o and [•,•], and an even linear 
selfmap a. Let TZ = C[9]^ he the free C[d\-module over A. Extend a to TZ by 

«(/(5)^) = fid)a{u), V f{d) G C[5], ueA, (4.26) 

and define X-bracket [-a-] : A® A^ ^[A] by 

[ttAf] = [u, u] -|- (9 -|- X){v o n) -|- (—l)l“II^U(u on), V tt, u G A. (4.27) 

Then (77, [-v], a) is a quadratic Horn-Lie conformal superalgebra if and only if {A, [■,■], o, a) is a 
super Hom-GD bialgebra. 

Proof. Suppose that {A, [•,•], 0 , 0 ) is a super Hom-GD bialgebra. It follows from (4.26) that ad = 
da. Extend the A-bracket defined by (4.27) to 77 by 

[f{d)uxh{d)v\ = f{-X)h{d + X)[uxv\, 'i f{d),h{d) e C[d\, u,v & A. 

Thus (4.1) is naturally satisfied. Then it suffices to verify (4.2) and (4.3) on the generators. With 
a direct computation we have 

[v-x-du] = [w,u]-|-(—A — 9-|-c7)(tt o u)-|-(—A — c7)(—l)l“ll^l(u o tt) 

= _ A(u o u) - (A + 9)(-l)l“IH(t, o u) 

= -(-l)l“ll"lKu], (4.28) 
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which proves (4.2). To show (4.3), we compute separately 


[a(ii)A[u^rc]] = [[tc, u], a(tt)] + 9([rc, u] o a{u) + [re o u, a(tt)]) + d^{w ov)o a{u) 

+A([rc, v] o a{u) + (— o [rc, u] + [tc o u, Q!(rt)]) 

+^i{[w o V, a{u)] + (—l)l’^ll^l [u o w, a(rt)]) 

+(9A(2(rt; o u) o a{u) + (— o {w o v)) 

+X^{{w ov)o a{u) + (—l)l“l*'l’'l'''l"’l^a(ri) o {w o u)) 

+dixi^{w o v) o a{u) + (—o w) o a{u)) 

+IJ.X[{w o v) o a(u) + (—o {w o v) 

+(_l)Hhl(^; o rc) o a{u) + (- 1 )HH+Hbl+Hbla(^) o (^; o w)), (4.29) 

[a(u)^[iiAit']] = [[w, u], a{v)] + (9([rc, u] o a{v) + [rc o n, a(u)]) + d^{w o u) o a{v) 

+IJ,[[w, u] o a{v) + (— o [tc, u] + [re o u, a(u)]) 

+A([rc o u, a(u)] + (—l)l“ll"'l [u o w, a(r')]) 

+d^(2{w ou) o a(v) + (—o (w o u)) 

+ju^((w ou) o a{v) + (—o (w o u)) 

+dX[{w o u) o a{v) + (—o w) o a{v)) 

+fiX(^{w o u) o a{v) + ( —o (w o u) 

+(_l)Mbl(^ o rc) o a{v) + (-i)MH+MI«'l+HI«'la(z;) o{uo w)), (4.30) 

[[^iA'i^]A+/i«('U^)] = [«('M^)) b) b] + da{w) o [v, u] + (—l)l“ll’^l(9Aa(rc) o (« o u) 

+IJ,[a{w) o b, ii] + ( —It] o a{w) — [Q;(rc), u o «]) 

+A(a(rc) o [v, u] + (-l)I^KI“l+l’^l)[^;, u] o a{w) + (-l)l“ll«l [a{w),u o u]) 

+ ( —l)l“ll’'lA^(Q;(rc) o (ii o u) + (—l)l^l(l“l+l^l)(ii o u) o a{w)) 

—dfia{w) o [v o u) — fj)^[a{w) o (v o u) + (—l)l"'l(l“l+l’'lbu o u) o a{w)) 
+M((-l)l“IHa(xt;) O (n O u) + (-1)MH+Ml«'l+Hl«'l(n o u) o a{w) 

—a{w) o (v o u) — (—l)l"'l(l“l+l’'l)(ti o u) o a{w)). (4-31) 

By (4.29)-(4.31), the Horn-Jacobi identity (4.3) holds if and only if the following relations hold 


0 = 

[[rc,r;],a(u)] - (-l)l“ll’'l [[rc, m], a(u)] - [a(w), b,«]], 

(4.32) 

0 = 

[re, u] o a{u) + [re o u, Q;(ii)] 



_(_l)l“ll’'l nj o a{v) + [w ou, a(r')]) — a{w) o [u, u], 

(4.33) 

0 = 

{w o v) o a{u) — (—(rc o u) o a{v), 

(4.34) 
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0 


= [w, v] o a{u) + (— (^a{u) o [w, f] — [w o w, a(f)]) + [tt; o ti, a{u)] — a{w) o [v, u] 

_(_l)hll«l Qy; o u, a(z;)] + [a{w),u o ^;]) - (_l)l«'l(l“l+l^l)[^;, u] o a{w), (4.35) 

0 = [it; o t), a{u)] + (— o w, a{u)] — a{w) o [v, u] — (—l)l"'l(l“l+l^l)[ti, u] o a{w) 

+ [a(i(;), o tt] — (—l)l“ll^l u] o a{v) + (—o [tt;,«] + [it; o u, a(tj)]) ,(4.36) 

0 = (2(it; ov)o a{u) + (— o {w o t;)) — (—1)I“II^Iq;(i(;) o (u o v) 


_(_l)hlM ou) o a{v) + (—l)l“ll^l(tt ow)o a{v)), (4.37) 

0 = (zt; o w) o Q;(ti) + ( —l)l’^ll^l(ti o It;) o Q;(n) + a(i(;) o (ti o It) 

_(_ 1 )HH (2(u; ou)o a{v) + (-1)H(M+I«'l)a(^;) o (u> o n)), (4.38) 

0 = (it; o w) o Q;(tt) + ( —l)l“l(l^l'''l"'l)Q;(tt) o (it; o ti) 

_(_ 1 )HH o (tt o t;) + (-l)l«'l(H+bl)(^ o i;) o a(u;)), (4.39) 

0 = (—l)l“ll^l((it; o u) o a{v) + (—o (it; o n)) — 0 ( 11 ) o (v ou) 

-(-l)l"'l(l“l+l^l)(i; o It) o a{w), (4.40) 

0 = (it; o i;) o Q;(it)+ (—l)l“l^l^l'''l"'l^a(it) o (it; o i;) + (—1)1^11"'!(i; o ii) o Q;(it) 

+ (-l)l“l(l^l+l^l)+l^ll"'la(tt) o{vow)- (-l)l“ll^l(ti; o it) o a{v) 


-(-l)l^ll"'la(i;) o (ii o It) - (-l)H(l«'l+l^l)(it 011)0 a{v) - (- 1 )(H+H)l«'lc,(^;) o (it o n) 
-((-l)HHa(ii,) o (it o i;) + (-l)l«'l(H+bl)+HH(^ ov)o a{w) 

—a{w) o [v ou) — (—l)l"'l(l“l+l^l)(i; o It) o a(it;)). (4-41) 

Relations (4.32)-(4.34) hold due to (2.2), (3.1) and (2.6), respectively. Since u,v,w are arbitrary, 
(4.35), (4.37) and (4.39) are equivalent to (4.36), (4.38) and (4.40), respectively. Rewritte (4.35) as 

0 = ([it; o i;, a(it)] + [ic, i;] o a(it) — a{w) o [i;, it] — (—l)l“ll^l [u; o it, a(i;)] — (—l)l“ll^l [it;, it] o a(i;)) 

+ (_l)Mld+Mhl+ldhl([^oi;,a(ii;)] - (-l)Hkl [« o it;, a(i;)] - (-l)Hkl [«, u;] o a(i;) 

+ [it, i;] o a{w) — a{u) o [i;, ic]), 
which is implied by (3.1). By (2.6), (4.37) amounts to 

{w o v) o a{u) — a{w) o [v o u) = (—1)1^11"'! ((i; o ii;)q;(u) — a{v) o (it; o u)), 
which holds due to (2.5). Relation (4.39) can be similarly obtained. Finally, rewrite (4.41) as 

0 = (—1)1^11"'! ((u ow)o a{u) — a(v) o (w o u) — (—1)1^11"'! ((it; o u) o Q;(it) — a(w) o (v o it))) 

_|-(_l)l“lhl o u) o a(v) — a(w) o (u o v) — (—l)l“ll"'l((it o w) o a(v) — a(u) o (it; o u))) 
_(_ 1 )HH+Hkl+Hkl((y o i;) o a(w) - a(u) o(vow) 

_(_l)l“lhl(y o It) o a(it;) + (—l)l“ll^la(i;) o (it o it;)). 
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which follows from (2.5). Thus the Hom-Jacobi identity (4.3) is satisfied and {TZ,[-\-\,a) is a 
Horn-Lie conformal superalgebra, which is obviously quadratic by (4.27). 

Conversely, if is a Horn-Lie conformal superalgebra, then the Hom-Jacobi identity 

(4.3) gives (4.32)-(4.41), which imply (2.1), (2.2), (2.5), (2.6) and (3.1) by the discussions above. 
Therefore, {A^ [•,•], o, a) is a super Hom-GD bialgebra. □ 

We call (TZ, [-a-], a) from Theorem 4.10 is the quadratic Horn-Lie conformal superalgebra asso¬ 
ciated to the super Hom-GD bialgebra {A, [•,•], o, a). 

Example 4.11 Let (.4,, [•, •], o, a) be the three-dimensional super Hom-GD bialgebra constructed in 
Example 3.3. By Theorem 4.10, associated to (.4, [•, •], o, a), there is a quadratic Horn-Lie conformal 
superalgebra {7Z, [-a-], a), in which TZ = C[5].4 is a free C[5]-module over A, a is defined by (4.26), 
and the A-bracket is determined by 

[xixXl] = {d+ 2 X)X 2 , [xiAy] = (A - 1)?/, [xiaX2]=0, 

[X2\X2] = {d+ 2\)xi, [X2\y] = [x 2 Aa;i] = 0, 

[yxxi] = {d + X + l)y, [yxX 2 ] = {d + X + l)y, [yxy] = 0. 

§5. Central extensions 

In this section, we discuss central extensions and in particular one-dimensional central exten¬ 
sions of Horn-Lie conformal superalgebras. We characterize one-dimensional central extensions of 
quadratic Horn-Lie conformal superalgebras by using bilinear forms of the corresponding super 
Hom-Gel’fand-Dorfman bialgebras, generalizing a result due to [6]. 

Let us start with extending the notion of extension of Lie conformal superalgebras to Horn-Lie 
conformal superalgebras. 

Definition 5.1 An extension of a Horn-Lie conformal superalgebra {A, [-a-], a) by an abelian Horn- 
Lie conformal superalgebra (a, [-a'IjCKo) is a commutative diagram with exact rows 



where pr and l are the natural projection and inclusion, respectively, i.e., 

pr : A ^ A, pr(x -|- a) = x, V x € .4, a G a; 
i : Cl — y .4, ^(^) — 0 T u, V tt G u. 

In this case, A is also called an extension of A by a. The extension is said to be central if cl(a) = 0, 
and 

a c Z{A) = {x G .4 1 [xAy] = 0| V y G .4}. 
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In the following we focus on the central extension ^ of ^ by a one-dimensional center Cc. This 
means that ^ ^ © Cc, such that d(c) = 0 with |c| = 0 and the A-bracket on A is of the form 

= [axb] + fxia, b)c, V a, 6 G 

where fx '■ A x A ^ C[A] is a bilinear map. It follows from Definition 4.1 that fx satisfies the 
following three properties for all homogenous elements u,v,w G A: 

fx{u,v) = (5.1) 

fx{du,v) = -Xfx{u,v) =-fx{u,dv), (5.2) 

fx+^,i[uxv],a{w)) = fx{a{u),[v^w]) - {-l)\^\\'^\f^{a{v),[uxw]). (5.3) 

The map fx satisfying (5.1)-(5.3) is called a 2-cocycle. 

Let {TZ, [-A-], a) be a quadratic Horn-Lie conformal superalgebra associated to a super Hom-GD 
bialgebra (^, [•,•], o, a). Consider the one-dimensional central extension TZ = 7^ © Cc. According 
to Theorem 4.10, the A-bracket on TZ is determined by 

[uau] = [u, u] + (9 + A)(u o u) + (—o u) + /a(u, u)c, V u, u G (5.4) 

where fx is a 2-cocycle. 

The following result is a Hom-analogue of [6, Theorem 3.1]. 

Theorem 5.2 With notations above. Assume that fx{u,v) = fniu,v) 0. 

For all homogenous elements u,v,w G A, we have 

(1) If n>‘i, fn{uov,a{w)) =t). 

(2) If n <2>, then 

/i(u,u) = (-l)l“ll''l+*+Vi(^^,^^), fori = 0,--- ,3-, (5-5) 

and 

(_l)Dlhly 3 (^ o V, a(iv)) = f 3 (a(u),iv ov) = fsiv o u, a{w)), (5.6) 

f 3 {[v,u],a{w)) + (-l)l“ll''l/ 2 (uoi;,Q;(t(;)) = f 3 {a{u), [w,i;]) f 2 {a{u), w o v), (5.7) 

^f 3 {[v,u],a{w)) - 2 f 2 {v o u,a{w)) + (-l)l“ll'’l/ 2 (u o v,a{w)) 

= — (—l)^“^^^^/ 2 (a(u), re o u + (—o w), (5-8) 

f 2 {[v,u],a{w)) + (-l)l“ll''l/i(u ou,a(u;)) = f 2 {a{u), [w,v]) fi{a{u),w o v), (5.9) 
fi{a{u),w o u + (—1)1^1 ow) — (—l)l“ll^l/i(a(u), tc o u + (—o w) 

= 2f2{[v,u],a{w)) - fi{v o u,a{w)) + (-l)l“ll''l/i(u o u, a(tc)), (5.10) 

/i(a(u), [re, uj) + /o(a(u), re o u) — (—l)l“ll^l/o(a(u), rc on© (—l)l“ll"'lu o w) 

= fii[v,u],a{w)) + (-l)l“ll^l/o(uou,a(u;)), 
foia{u),[w,v]) - (-l)l“ll''l/o(a(u), [u;,u]) = foi[v,u\a{w)). 
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(5.11) 

(5.12) 



Proof. By d{c) = 0, relation (5.1) is written as fx{u,v) = —(—, u). This amounts to 
~ ™ which equating the coefficients of A* gives 

/*(«,?;) = It), for f = 0, (5.13) 

By (5.1), (5.2) and (5.4), relation (5.3) is rewritten as 

f\+f^i[v,u],a{w)) - nfx+ti{v ou,a{w)) + Xfx+ti{u o v,a{w)) 

= fxio({u), [w, f]) + Xfxia{u),w o ti) + nfx{a{u),w o r; + (—l)l^lfolti o w) 

_(_l)l“lhl (^f^(a{v), [w, u]) + {[! + X)ff,{a{v),w o u) + (-l)l“ll"'lA/^(a(z;), n o w)) .(5.14) 

Assume that n > 3. Plugging fx{u,v) = fofo (5-14) and comparing the coefficients 

of X^pP~^ and respectively, we obtain 

-{ 2 )fni‘V o u,a{w)) + (-l)l“ll^ln/n(u o v,a{w)) = 0, 

-nfniv o u,a{w)) + fn{u o v,a{w)) = 0. 

It follows that fniu o V, a{w)) = 0 when n > 3. This proves the first assertion. 

To prove the second assertion, we assume n <3. Substituting fx{u,v) = Y1 \=qX'' fi{u,v) into 

(5.14) and comparing the coefficients of X'^,X^^,X^,X^^ and respectively, we obtain 

f 2 ,{a{u),wo v) = (-l)l“ll''l/ 3 (tt o v,a{w)), (5.15) 

fz{a{u),w o u + (—l)l^lfolu o tc) = —fsiv o u, a{w)) + (—l)l“ll^l3/3(tt o v, a{w)), (5.16) 

fsiv o u,a{w)) = (-l)l“ll''l/ 3 (tt o v,a{w)), (5.17) 

h{—^v OU + (—o V, a{w)) = —(—l)l“ll^l/ 3 (a(u), rc ou + (—l)l“lfoltt o w), (5.18) 
fsiv ou,a{w)) = (-l)l“ll''l/ 3 (a(u),u; ott). (5.19) 

Because u,v,w are arbitrary, (5.15) is equivalent to (5.19), whereas (5.16) amounts to (5.18). Then 

(5.15) and (5.17) gives (5.6). By (5.15) and (5.17) again, (5.16) is reduced to 

h{a{u),w ov) = (-l)l^lfol/ 3 (a(n),i; o re). (5.20) 

By (5.5), (5.20) amounts to fs{wov,a{u)) = (—l)l^lfol/ 3 (uotc,Q;(tt)), which is equivalent to (5.17). 
Thus (5.6) follows from (5.15)-(5.19) and (5.5) when n = 3. 

Equating the coefficients of X^, X^fi, Xfj? and respectively, we have 

f 3 {[v,u\,a{w)) + (-l)l“ll^l/ 2 (uou,a(u;)) = f 3 {a{u),[w,v]) + f 2 {a{u), w o v), (5.21) 

^h{[v,u],a{w)) - f 2 {v o u,a{w)) + (-l)l“ll^l 2 / 2 (tt o u, a(t(;)) 

= f 2 {oi{u),w o u + (—l)l^lfolu o w), (5.22) 

3/3([^^,^^],a(^^^)) - 2 f 2 {v ou,a{w)) + (-l)l“ll''l/ 2 (tt o u, a(tc)) 

= _(_l)HH/ 2 (a(u), u; o n + (-l)Hfolu o w), (5.23) 

f 3 {[v,u\,a{w)) - f 2 {v o u, a{w)) = -(-l)l“ll''l (/ 3 (a(u), [w, tx]) + f 2 {a{v), w o u)). (5.24) 
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Letting u and v change places in (5.24) gives 

f 3 {[u,v],a{w)) - f 2 iuov,a{w)) = (/ 3 (a(n), [u,«]) + f 2 ia{u), w o v)). 

It is equivalent to (5.21), which is exactly (5.7). By similar discussions, (5.22) is equivalent to 
(5.23). Thus we get (5.8). 

Finally, extracting the coefficients of A^, A^,A,/x and respectively, gives 


/2(b: 

,xx] 

,oi{w)) + 

(_l)Mh 

o V 

,a(xx;)) = 

= f 2 {a{u), [xx;,x;]) -k /i(a(xx) 

\,w o v), 

(5.25) 

/i(a( 

u) 

,w o V + { 


o w) — 


^fi{a{v),w OU + (—l)l“ll"'l 

uo w) 




= 

2/2(bL 

tx], a{w)) 

- fi{v o 

XX, a(xx;)) -k (—l)l“ll^l/i(xx o 

v,a{w)), 

(5.26) 

/2(b: 

,u\ 

,a{w)) - 

fi{v o u 

,a{w)) = 

:-(-l)l^ 

‘‘ll^l(/ 2 (a(x;), [xx;,xx]) - fi{a 

{v),wou)), 

(5.27) 

/l(b: 

,u\ 

,oi{w)) + 

(_l)Mh 

"l/o(xxox; 

,a(xx;)) = 

= [xx;,x;]) -k fo{a{u) 

\,w ov) 




- 


’'/o(a(^^), 

tc o XX -|- 



(5.28) 

/l(b: 

,u\ 

,a(u;)) - 

fo{vou 

,a{w)) = 

^ fo{a{u) 

1 , xc o x; -k (—o w) 





- 



[w,u]) - 

- ou), 


(5.29) 

/o(a( 

u) 

, [u;,u]) - 

(_l)Mh 

"l/o(a(x;). 

[xx;,xx]) = 

= fo{[v,u],a{w)). 


(5.30) 

that (5.26) 

is exactly 

■ (5.10), 

whereas 

(5.30) is 

exactly (5.12). As discussed in (5.24), 

, (5.25) 


and (5.28) are equivalent to (5.27) and (5.29), respectively. Thus we obtain (5.9) and (5.11). This 
completes the proof. □ 
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